UNIT -1V COMPLEX INTEGRATION

UNIT -1V Complex integration

Basic concepts:

Connected region:
A region R is said to be connected when two points of it are connected by a curve
which entirely lies inside the region.

Simply connected:
Any closed curve which lies in the region R, can be shrink to a point without learning

R is called simply connected region.

Multiply connected region:
A region which is not simply connected is called multiply connected.

Cauchy’s integral (Fundamental) theorem:
Statement:
If f(z) is analytic at every point of the region R bounded by a closed curve C and if f(z) is
continuous at all points inside and on closed curve C, thenJ. f(2)dz=0
C

Cauchy’s integral formula:

If f(z) is analytic inside and on a closed curve C of a simply connected region R and if
J' S (Z)

2mY. z — Cl

a is any point within C, then f(a)—

Cauchy’s integral formula for higher derivative:

=g [ o

Taylor’s series
A function f{z), analytic inside circle ¢ with centre at z = a, can be expanded in the

form f(z)= f(a)+(z— a)f(a) (z-a)

2!
inside c.

f(a)+----- which is convergent at every point

Laurent’s series
Let C,, C, be two concentric circles |z - a| =R, and |z - a| =R, where R, < R,. Let

f(z) be analytic on C, and C, and in the annular region R between them, then for any point z

inR f(z)= Zan(z a)”+Zb (z—a)™" where

n=0

oL f&L ands, =[SO,
2721 (z—a)™" " (z—a)™"
1
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Standard expansions:

Y
2)
3)
4)
S)
6)

7)

I+x)" =1-x+x—x> 4+ =2 (-1)"x" if]x <1
n=0
I=-x)"=1+x+x>+x> -0 =2 x" if|x|<1
n=0
(I+x)7 =1-2x+3x" —4x> oo =z( )" (n+1)x" if]x <1
(=) 2 =14 2x 4327 +4x° 4-onne =Syt i<l
n=0
2 3 © n
e)‘ :1+x+_+x_+ ...... :zx
21 3 ~ p
x3 xS
SINX = X———+——+--+
31 5
2 4
X
cosx =1 ——— —— e teeeee
20 4

Evaluation of Residues

Case(i): if z= a is a simple pole (pole of orderl) the residue of f(z) at z=a is given
By _lim,(z-a)f(2)

Case(ii): if z=a is pole of order m then Residue of f(z) at z = a is given by

1 .
G, -0 sG]

P(x)

Case(iii): if f(z) :% has a simple pole at z = a then residue at z=a is given
X

By % provide Q'(a)<0.

Resf(z) at z = a = coefficient of in Laurent series.

zZ—a

Cauchy’s Residue theorem:
Statement:

If f(z) 1s analytic within and on a simple closed curve C except for a finite number

of singularities z,,z,,--+-- z, lies inside C and if R,R,,------ R, are the residues of f(z)

at these singularities respectively ,then

[f()dz=2m[R, + R, +---+R,]
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Contour Integration:

2r
Type I: j F(sin 8, cos 0)d6 — (1)
0

2 2
Put z=¢" = cosé’:(z;lj andsin0=(z _ 1jandCis the unit circle
z

2iz
|z| =1,d0 = %Z reduce type (1) to the form j f(z)dz which can be evaluated by
C

Cauchy’s residue theorem.

< P(x)
T 1I: —2d
e o™
P(2)

Consider IF (z)dz where F(z)=
c Oz

and C is the closed contour consisting of the

line segment
(-R,R) together with upper semi circle |z| =R

Cauchy’s lemma:
If f(z) is continuous function such that |zf (z)| — Ouniformly as |z| = R — oothen

j f(2)dz > 0.

Type III: T f(x)sinmxdx (or) T f(x)cosmxdx

Jordan’s lemma:
If f(z) 1s continuous function such that | f (z)| — 0 is uniformly as |z| = R — cothen
[e" f(z)dz >0

Cc
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Evaluate the following by using Cauchy’s Integral Theorem

1)

2)

3)

4)

5)

6)

7)

8)

1

2
IZ_—ZHdz where C is |z| =—
z 2

C
Answer : 0

2
IZZ lea’zwhereCis|z—1|:1
wZ -1
Answer : 2rx 1
_[ 4-3z
v z(z-1)(z-2)

Answer : 27 1

dz where C is |z| =

2z

I( e+1)4 dz where C 1s |z|=2
. (z
Answer 8—722
3e
z ) 3
j—dz where C is |z| =—
v 2

(z=1)*(z+2)

4
Answer : Tm

_[ sin7z? + cos 7z’
v (z—=1D(z-2)
Answer : 471

dz where C 1s |z| =3

,[( zdi4) where Cis [z -i=2
C y4

Answer : x
16

IZ—Hdz where C is |z+1+i| =2

sz +2z+4

Answer : 71
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9)

10)

11)

2
If f(a) = 4Z+—Z)+5dz where C is the ellipse 9x* +4y> =36 . Find the values of

v (z-a
S, f@), f'(=1) and f7(-i).
Answer : 207, 27(1 +1i),14m and 1671

2
If f(a)=| 324724 1 where ciis |z) = 2. Find
" zZ—a
f3), fG=D, f'A-i)and f"(1-i)
Answer : 0,27(8 —13i),27(13 - 6i),127

z

Evaluate [—"——dz if
v z(l-z

(1) 0 lies inside ¢ and 1 lies outside ¢

(1) 1 lies inside ¢ and 0 lies outside ¢

(ii1) both 0 and 1 lies inside c.

Problems on Taylor’s and Laurent’s Series

1)

2)

3)

4)

5)

Expand f(z) = sinz as Taylor’s series about z :%

2z

Expand f(Z) = ¢ ™ about z=1 using Taylor’s series.
z:—1 ) , .
Expand f(Z) =————— in Laurent’s series
(z+2)(z+3)

if () |2 <2 (i) 2<[z]>3 (i) 2] >3

. -2 - .
Find the Laurent’s series of f (z)=7Z— valid in the region
z(z=2)(z+1)

H1<|z+1<3 (ii) |z +1|>3

Find the Laurent’s series of f(z)= valid in the region

(22 +1)(z* +4)
()1<lz<2 (ii) |2|> 2
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Problems on Cauchy’s Residue Theorem

1) Determine Residue of the following at each of its poles
a. (1) f(z) =cotz
b. ii) f(z) = tanz
Answer :1, -1

2) Find the Residue of f(z) = z* sin(lj atz=0
z

2
: 2 .
3) Using Cauchy’s Residue theorem , evaluate .[ 3Z—+2dz Where C is |z — 2| =2
“(z=1)(z" +9)

Answer : 7

dz

4) Evaluate J. -

where C is |z| = 4 using Cauchy’s residue theorem.
sin z
C

Answer : 27

zZSeCz

2
4

5) Evaluate .[

C
Answer : — 27isecl

dz where C is the ellipse 4x° +9y°> =9

2
6) Evaluate .[ f—ldz where C is |z|=2
c? ~

Answer :0

Problems on Contour Integration

2w de
(1) .[ —— where a>b>0
o a+bcost
Answer :2—7[
Na? —b?
27
2) j fm ~ 0<a<l
v 1—2asin@+a
Answer : >
l-a
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3)

4)

S)

6)

Prove that I—x+2d

X +10x%+9
Answer :S—ﬂ
12

0

2
Evaluate J i

Answer :
a+b

mmx T
dx=—, m>0
2

Prove thatj

xsinx
Prove that J.gd

x+a

—a

e
Answer :

dx
_Oo(x2 + az)(x2 + bz)
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