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III. COMPLEX VARIABLE 

 

3.1 The Complex Variable:  
Cartesian Form : z = x + iy;  

Polar form  : z = re
iθ

 

 

3.2 Function of a Complex Variable:  
Cartesian form: ω = f (z) = u (x, y) + i v (x, y) Where x, y ε R and                   

u (x, y), v (x, y) are real valued functions. 

Polar form: ω = f (z) = u (r, θ) + i v (r, θ) 

 

3.3 Analytic function: A function f (z) is said to be Analytic in a region R 

of z-plane, if it is differentiable at every point of R. 

 

3.3.1 Necessary Condition for function f (z) to be Analytic:  

Cartesian form Polar form 

(i) ,
u u

x y

∂ ∂
∂ ∂

, ,
v v

x y

∂ ∂
∂ ∂

exist 

 

(i) ,
u u

r θ
∂ ∂
∂ ∂

, ,
v v

r θ
∂ ∂
∂ ∂

exist 

(ii) f (z) to satisfy Cauchy-Riemann 

equation: 

u v

x y

∂ ∂
=

∂ ∂
; 
u v

y x

∂ ∂
= −

∂ ∂
 

 

(ii) f (z) to satisfy Cauchy-Riemann 

equation: 

1u v

r r θ
∂ ∂

=
∂ ∂

: 
1v u

r r θ
∂ ∂

= −
∂ ∂

 

 

3.3.2 Sufficient Condition for function f (z) to be Analytic:  

Cartesian form Polar form 

(i) ,
u u

x y

∂ ∂
∂ ∂

, ,
v v

x y

∂ ∂
∂ ∂

exist 

 

(i) ,
u u

r θ
∂ ∂
∂ ∂

, ,
v v

r θ
∂ ∂
∂ ∂

exist 

(ii) They are Continuous (ii) They are Continuous 

(iii) f (z) to satisfy Cauchy-Riemann 

equation: 

u v

x y

∂ ∂
=

∂ ∂
; 
u v

y x

∂ ∂
= −

∂ ∂
 

 

(iii) f (z) to satisfy Cauchy-

Riemann equation: 

1u v

r r θ
∂ ∂

=
∂ ∂

: 
1v u

r r θ
∂ ∂

= −
∂ ∂
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3.4 Harmonic function (or) potential function: A function which 

satisfies the Laplace equation 
2 2

0
2 2

u u

x y

∂ ∂
+ =

∂ ∂
 then the function is called 

Harmonic function. 

Example: 3 2( , ) 3u x y x xy= −  is a Harmonic Function 

In polar coordinates: 
2

2 21 1
0

2 2

u u u

r r rr θ

∂ ∂ ∂
+ + =

∂∂ ∂
 

 

3.5 Properties of Analytic function: 

1. The real and imaginary parts of an Analytic function ω = u + i v 

satisfy the Laplace equation in two dimension. 

2. The real and imaginary parts of an Analytic function                               

ω = u (r, θ) + i v (r, θ) satisfy the Laplace equation in polar 

coordinates. 

3. If ω = u (x, y) + i v (x, y) is Analytic function, the curves of the 

family u (x, y) = a and v (x, y) = b, cut orthogonally, where a and b 

are varying constants. 

4. If ω = u (r, θ) + i v (r, θ) is Analytic function, the curves of the 

family u (r, θ) = a and v (r, θ) = b, cut orthogonally, where a and b 

are varying constants. 

 

3.6 CONSTRUCTION OF ANANYTIC FUNCTION   

f (z) = u (x, y) + i v (x, y) / MILNE THOMSON METHOD 

When its real part u (x, y) is given 

( ) ( , 0) ( , 0)x yf z u z iu z dz c = − + ∫  

When its Imaginary part v (x, y) is given 

( ) ( , 0) ( , 0)y xf z v z iv z dz c = + + ∫  

3.7 Conformal mapping:  

A transformation that preserves angles between every pair of curves 

through a point, both in magnitude and sense is said to be conformal at 

that point. 
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3.8 Critical point:  

A point at which '( ) 0f z = , is called a critical point of the transformation. 

i.e. A point at which f (z) is not conformal mapping is called critical point.  

Example: 

The point z = 0 is a critical point of the transformation w = z
2
. 

3.9 Fixed point/Invariant point: 

 If the image of a point z under a transformation w = f(z) is itself, then the 

point is called a fixed point or a invariant point of the transformation. 

Example: 

3 5
( )

1

z
f z

z

−
=

+
 Then the invariant points are 1 + 2i and 1 – 2i. 

3.10 Cross-Ratio: 

If , , &
1 2 3 4
z z z z  are four complex numbers, then 

( )( )
1 2 3 4

( )( )
1 4 3 2

z z z z

z z z z

− −

− −
 is 

called the Cross-Ratio of the four points. 

3.11 Bilinear Transformation (or) Linear fractional Transformation 

(or) Mobius Transformation. 

The transformation 
az b

w
cz d

+
=

+
where a, b, c and d are complex constant 

and 0ad bc− ≠ is known as bilinear transformation.  

Note: If 0ad bc− = , every point of the z-plane is a critical point. 

The Bilinear transformation which maps the points                              

(ω 1, ω 2,ω 3,ω 4) onto the points (z1, z2, z3, z4) respectively is 

))((

))((

2341

4321

ωωωω

ωωωω

−−

−−
= 

( )( )
1 2 3 4

( )( )
1 4 3 2

z z z z

z z z z

− −

− −
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Exercise 

1. Find the analytic region of f (z) = (x-y)
 2 

+2i (x+y). 

2. Examine whether e
z
 & Sin (z) are analytic. 

3. Examine whether 
2
z  is analytic. 

4. Examine whether z
2
 & z

3
 are analytic. 

5.  State the Properties of analytic function. 

6. Give an example that both u & v are harmonic but f (z) is not analytic. 

7. Prove that analytic function with (i) constant real part (ii) constant 

imaginary part is constant. 

8. Prove that function with constant modulus is constant. 

9. If f (z) is analytic prove that (i) .)(4)(
2

'2

2

2

2

2

zfzf
yx

=








∂

∂
+

∂

∂
            

(ii) .)z(fLog
yx

0
2

2

2

2

=














∂

∂
+

∂

∂
   

10. Prove that 3 2 2 2( , ) 3 3 3 1u x y x x y x y= − + − + is Harmonic and find v 

the harmonic conjugate, the Analytic function f (z). 

11. Determine the analytic function f (z) if .
2cos2cosh

2sin

xy

x
v

−
=  

12. Verify ( ) xeyyyxv sincos −=  is harmonic. Construct analytic 

function. 

13. Find f (z) if 22log yxu +=  

14. If ( ) ( )2 24u v x y x xy y+ = − + + find the Analytic function f (z). 

15. If 2 23 2 16u v y x xy+ = − + , find the Analytic function f (z). 

16. Find the analytic function whose imaginary part is )xysin(e yx 2
22 2− . 

17. In a two dimensional fluid flow if velocity potential ϕ =3x
2
y-y

3. 
Find 

Stream functionψ.  
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CONFORMAL MAPPING 

18. Find the image of the y-axis under the transformation 2zw = . 

19. Discuss the transformation (i)
z

w
1

= . (ii) 
k

w z
z

= + (iii) 2zw =                    

(iv) ω = Sinz 

20. Draw image of square (0,0) (1,0) (1,1) &(0,1) under w =(1+i)z. 

21. Find the image of 33 =− iz  under the mapping
z

w
1

= . 

22.  Find the image if 2=z  under w=z+3+2i 

23. Find the Image of the triangular region in the z-plane bounded by the 

lines x = 0. y = 0, and x + y = 1 under the 

transformation 4( ) 2 ( )
i

i w z ii w e z
π

= = . 

24. Find the Image of x=k under
z

w
1

= . 

25. Find the image of the infinite strip 1 1
4 2

y≤ ≤  under the 

transformation
z

w
1

= . 

FIXED POINTS, CRITICAL POINTS 

26. Find the critical points of 2zw =   

27. Find the critical points of ( )( )βα −−= zzw2  

28. Find the fixed points of
1

4

+
+

=
z

z
w .  

BILINEAR TRANSFORMATION 

29. Find the bilinear transformation which maps the points (-1, 0, 1) to                 

(0, i, 3i). 

30. Find the bilinear transformation which maps the points (-1, i, 1) onto 

(1, i, -1). 

31. Find the bilinear transformation which maps the points z = -1, 1, ∞ 

onto -i, -1, i 

32. Find the bilinear transformation which maps the points (∞, i, 0) onto 

(0, i,∞). 
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PRACTICE PROBLEM 

1. Find f (z) if 323 yyxv −=  

Ans: 3( )f z z c= +  

 

2. If [ ]yyyxeu x sincos −=  , find f (z). 

Ans: ( ) zf z ze c= +  

 

3. If 2322 223),( yyxyxyxu −−+= , find v, f (z).  

Ans: 2 33 4v xy xy x= + − , 2 3( ) 2f z z iz c= − +  

 

4. Prove that )log( 22 yxv +=  is harmonic. Find the Real part of analytic 

function with this function v as its Imaginary part. 

Ans: 2
1tan
y
x

− +c 

 

5. If ( ).sincos yyevu x −=− find f (z). 

Ans: ( ) zf z e c= +  

 

6. If ( ) ( )[ ]yyxyyxevu x 2sin22cos22 2 −++=+ .Find f (z). 

Ans: 2( ) zf z ze c= +  

 

7. In a 2-dimensional flow, the stream function is ψ = 1tan
y
x

− . Find the 

velocity potential φ. Ans: Φ = )yxlog(
22

2

1
+  

 

8. Find the image of 22 =+ iz  under
z

w
1

= . Ans: 4y = 1 
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9. Find the image in the ω plane of the region of the z plane bounded by 

the straight lines x = 1, y = 1 and x + y =1 under the 

transformation 2zw = . 

Ans: v
2
 = -4(u-1), v

2
 = 4(u+1), u

2
 = -2(v - )

2
1 . 

 

10. Find the critical points of zzw 44 −=  Ans: z = 1, 
2

31 i±−
 

 

11. Find the fixed points of 
2

1

+
−−

=
z

iz
w  Ans: 

2

431 ii
z

+±−
=  

 

12. Find the bilinear transformation which maps the points z = 1, i,-1 onto             

 i, 0,-I  

Ans: 
iz

iz

+
+−

=ω  

 

13. Find the bilinear transformation which maps the points (-i, 0, i) onto 

 the points (-1, i, 1) respectively 

Ans: 
1

1

+
−

=
z

)z(i
ω  

 

14. Find the bilinear transformation which maps the points (1, i,-1) onto 

 (0, 1,∞). 

Ans: 
1+
+−

=
z

iiz
ω  

 

 

 

 


