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BASIC CONCEPTS IN LAPLACE TRANSFORMS 

 

Definition 1:  Laplace Transform of f(t) 

If f(t) is a function of t defined for all  0t≥ , then the Laplace transform of f(t) 

denoted by  L[f(t)] is defined as  

  0s      where,

0

dt f(t) ste F(s) [f(t)]L >∫
∞ −== ,  provided the integral exist 

 

Definition 2: Condition for the Existence of Laplace Transform 

 

  The laplace transforms of the function f(t) defined for 0t≥  exists if f(t) is 
 

(i)  Piecewise continuous in every finite interval in the range 0t≥ . 

(ii) Of the exponential Order  

. 

Definition 3:   Inverse Laplace transforms 

 

Inverse Laplace transform of F(s), denoted by [F(s)]L 1−
, is defined as  

f(t)[F(s)]L 1 =−
,  where F(s)  [f(t)]L =  

 

Definition 4: Condition for the Existence of  Inverse Laplace Transform 

 

    
0F(s)

s
lim(i) =

∞→

         finite  is F(s)s
s

lim(ii) ⋅
∞→

     .  

 

Definition 5: Exponential Order 

   

 A function f(t) is said to be of exponential order if  
   

finite is  f(t)st-e
t

lim
∞→

 

 

Definition 6: Periodic Functions 

 

 A function f(t) is said to be Periodic if there exists a constant P ( >0) such that  

  tallfor  f(t),  P)f(t =+  

 

Definition 7: Laplace Transform of Periodic Functions 

 If f(t) is a periodic function then  ∫
−=

P

0

dt f(t) ste
)-e-(1

1
  [f(t)]L

Ps
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STANDARD RESULTS IN LAPLACE & INVERSE TRANSFORMS 

 

Sl.No. LAPLACE TRANSFORMS INVERSE LAPLACE 

TRANSFORMS 

 

1 
s

1
L[1] =  1

s

11 =



−L  

2 

a-s

1
]

at
L[e =  

ate
a-s

11 =



−L  

3 

as

1
]

at-
L[e

+
=  

ate][
a-s

11 =−L  

4 

2s

1
L[t] =  

2

2

1 t
s

1
=



−L  

5 

3

2

s

2
]L[t =  

2

2t

3s

11-
L =












 

6 

1n

n

s

n!
]L[t += , n is a + integer ( )!1

1-nt

ns

11-
L

−
=













n
 

7 

2a2s

a
at]L[sin 

+
=  atsin 

1

2a2s

11-
L

a
=













+
 

8 

22s

s
at] Cos L[

a+
=  at Cos

22s

s1-
L =













+a
 

9 

22s

a
]L[Sinh(at)

a−
=  Sinh(at)

1

22s

11-
L

aa
=













−
 

10 

2a2s

s
at)] Cosh( L[

−
=  at) Cosh(

2a2s

s
 

1-
L =













−
 

11 {
0awherea,twhen1,

atwhen0,
(t)

a
U ≥>

<=  

(t)aU is called unit – step function 

L[ (t)aU ] = 
s

ase−
             

 

L
1−











 −

s

ase
 = (t)

a
U       

12 

( )[ ] 0a  where1tδLandase  (t)]
a

L[δ

function Delta-Dirac called is (t)
a

δ

otherwise0,

2

h
at

2

h
-awhen,

h

1

(t)
a

δ

==−=









 +<<

=

 

 

 

[ ] ( )tδ1L-1 =  
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1. Problems on Laplace Transform of Standard Functions 

 

1. Linearity Property of Laplace Transform 

 

1. (t)]2L[f2k(t)]1L[f1k  (t)]2f 2k (t)1f 1[kL ±=±  

2. (s)]
2

[F
1-

L
2

k(s)]
1

[F
1-

L
1

k  (s)]
2

F 
2

k (s)
1

F 
1

[k
1-

L ±=±  

 

(A) Find the Laplace Transforms for the following function 

 

Class Work Problems 

(i)  
btea −+  

(v) atsin 2  (ix) cosbtsinat   

(ii) 5sin3tbte1 −+  
(vi) atcos3  (x) cos3tsin2t   

(iii) coskt cbtea −−−  (vii) 3tsin 2  (xi) ( )2
t1+  

(iv) 4sinh2tsin4t −  (viii) 2tcos3  (xii) 2

3

ct
t

b
ta ++  

Practice Problems Answers of Practice Problems 

1 ( )βα +tcos  22
sin

22
cos

α

α
β

α
β

+
−

+ ss

s
 

2. t4sin3tcos 32 +  
1442

3

162

3

362

1

2

1

+
−

+
+









+
+

sss

s

s
 

3. ( )21−t  
s

ss

1

2

1

2

3
+−

π
 

4. 
53 +te  








− 3

15

s
e  

5. tsinhcosh10t π−  
221002 π

π

−
−

− ss

s
 

6. cos3tcos2t   








+
+

+ 122522

1

s

s

s

s
 

7.  
3te2 −+  3

12

+
+
ss
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PROPERTIES OF LAPLACE TRANSFORMS 

2. First Shifting theorem 

( )[ ] ( )sF tfL   If =   then  

(i) ( )[ ] ( )a-sF tfateL =



   (ii) ( )[ ] ( )asF tfat-eL +=



  

 

3. ( )[ ] ( )sF tfL   If =  then 

(i) ( )[ ][ ] ( )[ ]sF
ds

d
- tft L =        (ii) ( )[ ][ ] ( ) ( )[ ]sF

ds

d
1- tf tL

2

2

22 =  

(iii) ( )[ ] ( ) ( )[ ]sF
3ds

3d31- tf 3tL =



        (iv) In General, ( )[ ] ( ) ( )[ ]sF

nds

ndn1- tf ntL =



  

 

4. ( )[ ] ( )sF tfL   If =  and 
( )

exists   
t

tf

0
lim
→t

 finite,  then 

    (i)  
( ) ( )ds 

s

sF
t

tf
L ∫

∞
=





 (ii)  

( ) ( ) 2ds 

s

sF
2t

tf
L ∫

∞
∫
∞

=












s

 

 

5. Laplace Transforms of Derivatives 

( )[ ] ( )sF tfL   If =  then 

(i) ( ) ( )[ ] ( )0f  -  tfL  s t'f L =



  (ii) ( ) ( )[ ] ( ) ( )0'f0f s -  tfL  2s t"f L −=



  

In General       ( ) ( )[ ] ( ) ( ) ( )01-nf- ...... - 0'f2-ns0f 1-ns -  tfL  ns tnf L  (iii) −=



  

 

6. Laplace Transforms of Integrals 

( )[ ] ( )sF tfL   If =  then    (i) ( ) ( )[ ]tfL 
s

1t

0

dttfL =











∫       (ii) ( ) ( )[ ]tfL 

2s

1t

0

dttf
t

0

L 2 =











∫∫  
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Problems on Properties of Laplace Transforms 

 

(B) Find the Laplace Transforms for the following function 

 

Class Work Problems 

1. cosbtate  10. sin3t2t-et  19. 
t

tt 2cos3sin
 

2. sin5t2t-e  11. cos4t 3tet   20. 
t

atcos
 

3. cosh t3te  12. sin3tsin2t  3tet  21. ∫
t

dtte

0

2
 

4. 4t2sin3t-e  13. 
t

te21−
 22. ∫

−t dttte

0

2sinh  

5. sin2tcos5t  4te  
14. 

t

atcos1−
 23. dt

t
tt∫

0

2sin  

6. 
atte  15. 

t

bteate −−−
 24. ∫

− t
dtttte

0

cos  

7. sin3tt  16. 
t

btate cos−
 25. ∫

− t
dt

t

atte

0

sin
 

8. 2t2cost  17. 
t

btat coscos −
 26. ∫

t
dtttte

0

4cosh3
 

9.  4tcosh  2t  18. 
t

t2sin
 27. ∫

t
dt

t

ttte

0

2cos3sin4
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Practice Problems 

 1. 
3te

2t
                                                    Ans : 

( )33

2

+s
 

 2. ( )212te t+                                         Ans :  
( ) ( )32

2

22

2

2

1

−
+

−
+

− sss
 

 3. 4t3sin2t-e                                        Ans : 
( ) ( ) 144

2
2

3

16
2

2

3

++
−

++ ss
 

 4. t23tcos                                           Ans : 

( ) ( ) 















+

−
+

+

−
−

2
362

236

2
42

2312

4

1

s

s

s

s
 

 5. t5sinh2t                                        Ans :  
( )

( )3252

252310

−

+

s

s
 

 6. cosh4t4t-et                                 Ans : 
( )

( )
2

16
2

4

16
2

4






 −+

++

s

s
 

 7. 
t

t3cos2te −
                               Ans :   

( )
















−
+

2

92
log

2

1

s

s
         

 8. 
t

te 2t-e −−
                               Ans : 








+
+

1

2
log

s

s
 

 9. 
t

tcos1−
                                    Ans :  

( )















+
s

s
2

1

12
log          

 10. 
t

btat coscos −
                      Ans : 

( )
( ) 
















+

+

2

1

2

1

22

22
log

as

bs
 

 11. 
t

ate
                                      Ans : Laplace Transform doesnot exists 
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 12. dt
t

t

tte ∫
0

sin 2

                         Ans : 
( )

( )



















−






 +−

− 1

4
2

1

log
12

1

2

1

s

s

s
 

 13. dt
t

ttte∫
0

3sinh4 2                   Ans :  
( )

( ) 






















 −−

+−
2

9
2

4

9
2

436

s

s

s
 

 

Laplace Transform of periodic functions 

           If f(t) is a periodic function with period P so that f (t)P)f (t =+   then           

            ∫
−

−−
=

P

0

dtf(t) 
st

e
Pse1

1
L[f(t)]  

Find the Laplace transform of the following functions 

1. 




=+<<
<<=

f(t)2a)f(t  given that           2ata    1,-
at0       ,1

)(tf  

2. 




=+<<
<<=

f(t)2a)f(t  given that           2ata      t,-2a
at0             ,

)(
t

tf  

3. 









=+<<

<<
=

f(t))f(t  given that           t
2

      t,-

2
t0             ,

)(

ππ
π

π

π
t

tf  

4. 









=






 +<<

<<
=

f(t)
2

tf  given that           
2

t                  0,

t0       ,sin

)(

ω
π

ω
π

ω
π

ω
π

wtE

tf  
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Practice Problems 

Find the Laplace transform of the following functions 

1. 




=+<<
<<=

f(t)2)f(t  given that           2t1         t,-2
1t0             ,

)(
t

tf  

Ans:  
2

tanh
1

2

s

s
   

2. 









=+<<−

<<
=

f(t))f(t  given that           t
2

         ,

2
t0             ,

)(

aa
a

E

a
E

tf  

Ans :  
4

tanh
as

s

E
 

3. ( )



=+<<
<<=

f(t)2tf  given that           2t                  0,
t0              ,sin

)( πππ
πt

tf  

Ans: 














−−

−+

+ se

se

s π

π

1

1

12

1
 

Initial value Theorem 

If  F(s)L[f(t)] =  then  
∞→→

=
s                  0

sF(s)      Lim         f(t)      
t
Lim  

Final value Theorem 

If  F(s)L[f(t)] =  then  
0s              

sF(s)      Lim      f(t)      
→∞→

=
t
Lim  

Verify Initial value and Final value theorems for the following functions 

1. at-e-1 f(t) =           2. cos3t2t-ef(t) =                3. )cos(sint-e1 f(t) tt ++=  

Practice Questions 

Verify Initial value and Final value theorems 

 1. te 32 tf(t) −=                     

 2. t3sint-e1 f(t) +=            

Change of scale Property 

            If F(s)L[f(t)] = then 






=
a

s
F

1
L[f(at)]

a
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Problems 

1. Given that 
2

12

12s
L[tcost]






 +

−
=

s

, Find  (i) L[tcosat], (ii) 





2

t
tcosL  

2. Assuming L[sint] , Find 















2

t
sinL  

Second Shifting Theorem 

If F(s)L[f(t)] = and   ( )
( )







≤

>−
=

atfor0

atfor  atf
tG    then ( )sase FL[G(t)] −=   

Another Form of Second Shifting Theorem 

If F(s)L[f(t)] = and a > 0 then ( ) ( )sase F]a-ta)U-L[f(t −=  

 

Using Second shifting theorem find the Laplace Transform  

1. ( )













≤

>






 −

=

3
tfor0

3
tfor  

3
tsin

tG
π

ππ

 

2. ( )
( )








≤

>−
=

2tfor0

2tfor  32t
tG  

Miscellaneous Problems 

1. Find the laplace transform of ( )






≥

<<
=

π

π

tfor0

t0for  sin
tf

t
 

2. Using Laplace Transform evaluate ∫
∞ −

0

dtsin3t2te  
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Problems for Practice  

1. Find the laplace transform of ( )








≥

<<
=

1tfor    0

1t0for  te
tf  

Ans : 
1s

1s
e1

−

−−
−









 

2. Using Laplace Transform evaluate ∫
∞ −

0

dtsin2tt3te    

Ans: 
169

12
 

 

INVERSE LAPLACE TRANSFORMS 

Class Work Problems 

1. 
12s

5

2s

2

42s

3s

s

1

−
+−

+
+  

2. 
6s

4

92s

2
−

−
 

3. 
102s

5s

+
 

Practice Problems 

1. 
s

7

5s

2

32s

3
−+

−
       Ans: 7

12

4t
t3sinh3 −+  

2. 
4s

11

252s

3s

+
+

+
             Ans: 4t11e3cos5t −+  

 

 

Properties of Inverse Laplace Transforms 

Property 1: First Shifting Property 

If F(s)L[f(t)] =  then   

(i) [F(s)]1-Latea)][F(s1-L −=+  (ii) [F(s)]1-Latea)][F(s1-L =−  
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Property 2: 

( )[ ] dt  
t

0

sF1L F(s)
s

11-L ∫
−=





 

Similarly ( )[ ] dt  
t

0

sF1L 
t

0

F(s)
2s

11-L ∫
−

∫=











 

Property 3: 

( )[ ] ( )[ ]s F1L
dt

d
sF s 1L −=− ,  

similarly ( ) ( )[ ]s F1L
2dt

2d
sF 2s 1L −=



−  

Property 4: 

( )[ ] ( )[ ]s F1LtsF 1L −−=−  

Property 5: Second Shifting Property 

( ) ( )[ ] a)U(ts F1LsFas-e 1L −
−→



 −=



−

att
 

(or) ( ) )a  U(ta)f(tsFas-e 1L −−=



−  
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Problems based on Properties of Inverse Laplace Transforms 

 

 Find the Inverse Laplace Transforms for the following functions  

 

(1)
( )22

1

−s
 (2) 

( )24

3

+s
 (3) 

( ) 4921

2

++s
 

(4) 
( ) 2522

2

++

+

s

s
 

(5) 

( ) ( ) 94

3

421

4
2 −+

+
−− s

s

s
 

(6) 
256

2
2 +−

+
ss

s
 

(7) 
658

43
2 +−

−
ss

s
 (8) 

)1(

1

+ss
 (9)

)136(

1
2 ++ sss

 

(10) 
( )22 54

2

++

+

ss

s
 (11) 







 +−

3

1
tan 1 s  

(12) 








+






 −−

b

s

s

a 11 cottan  

(13) 







+
+
bs

as
log  (14) 








+

2

2

1log
s

a
 (15) 

( )
( ) 








+
+

22

22

log
bs

ass
 

(16) 
( )3

2

1+

−

s

e s

 (17) 
222 bsa

s

+
 

 

 

  

Practice Problems for Inverse Laplace Transforms based on Properties 

1. 
( )23

3

+s
       Answer: 

2

2t
t33e−

 

2. 
( ) 522

2

−+s

s
 Answer: t5sinh2te

5

4
t5cosh2t2e −−−  

3. 
1362

3

+−

+

ss

s
 Answer: sin2t3te3cos2tt3e +  

4. 
( )32ss

1

+
  Answer: 












+







 ++
−−

4

1

2

1
t2t

2

2te

2

1
 

5. 
2

2a2s

s






 −

 Answer: sinhat
2a

t
 

6. 
2

82s2s

1s






 −+

+
 Answer: 

6

sinh3t t te−
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7. 
( )
( ) 






−
+
9

1
log

2

2

s

ss
 Answer: [ ]tt 3cosh2cos21

t

1
−+−  

 

8. 




 +
s

a
1log   Answer: 



 −− ate1

t

1
 

 

 

 

Inverse Laplace Transforms Using Partial Fraction 

 

Partial Fraction Expansions 

 

1. 
( )( )

linearisf(s)where
bs

B

as

A

bsas

f(s)

+
+

+
=

++
 

 

2. 
( )( )( )

linearorQuadraticisf(s)where
ds

C

bs

B

as

A

dsbsas

f(s)

+
+

+
+

+
=

+++
 

 

3. 
( ) ( ) ( )

Quadraticor linear isf(s)where
bs

C

as

B

as

A

bs2as

f(s)
2 +
+

+
+

+
=

++
 

 

4. 

( )
Quadraticor linear isf(s)where

ds

C

cbs2as

BAs

dscbs2as

f(s)

+
+

++

+
=

+




 ++

and 

     cbsas ++2  is non factorisable 

 

5. 

( ) ( )2ds

D

ds

C

cbs2as

BAs

2dscbs2as

f(s)

+
+

+
+

++

+
=

+




 ++

 

     lefactorisab non is cbs
2

as   3andatmost  degree ofisf(s)where ++    

 

6. 

( ) 222222 bs

dCs

2s

BAs

bs2s

f(s)

+

+
+

+

+
=

+




 + aa
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Find the Inverse Laplace Transforms by Partial Fraction method for the following 

 

1. 
( )( )3s2s

s

−+
 

 

2. 
( ) ( )2s23s

2s2s

−+

−+
 

 

3. 

( ) 




 ++ 42s21s

3s
 

4. 
83s

1

−
 

 

5. 






 +−

+−+

2s2s2s

1s24s32s
 

 

Practice Problems for Partial Fraction Methods 

Find the Inverse Laplace Transforms for the following 

 

1. 
( )( )2

2

2s1s

11155s

−+

−− s
       Ans :   ttetete 2724 −+−         

 

2. 

( ) 




 +−

+

42s1s

4s

s

    Ans :  tte 2sin
2

1
1 −+−  

 

Convolution of two Functions 

  

 The convolution of two functions f(t) and g(t) is defined as 

( ) ( ) ( ) ( ) duutg
t

0

uftgtf −∫=∗  

 

Convolution Theorem 

 

 ( )[ ] ( )sF tfL   If =  and ( )[ ] ( )sG tgL   If =   

Then  ( ) ( )[ ] ( ) ( )sGsFtgtfL =∗  

From Convolution Theorem ( ) ( )[ ] ( )[ ] ( )[ ]sG1LsF1-L sGsF1L −∗=⋅−  



UNIT – I   LAPLACE TRANSFORMS 

 

 

ENGINEERING MATHEMATICS III  

QUESTION BOOK 

15 

Find Inverse Laplace Transforms using Convolution theorem for the following 

 

1. 
( )1s  s 

1

+
 

 

2. 






 + 2a2s s

1
 

 

3. 
( )( )b++ sas

1
 

4. 
( )1s2s

1

+
 

 

5. 

( ) 




 ++ 12s1s

1
 

6. 






 +





 + 2b2s2a2s

1
 

7. 






 +





 + 2b2s2a2s

s
 

8. 






 +





 + 2b2s2a2s

2s
 

9. 
22a2s

s






 +

 

 

Practice Problems for Convolution method 

  

1. 
( )( )3s2s

1

++
 Answer: 3te2te −−−  

 

2. 
22a2s

1






 +

 Answer: ( )cosatat -sinat
2a

1
3

 

3. 
22a2s

2s






 +

        Answer: ( )cosatat sinat
2a

1
+  


